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Assessment of Thermovibrational Theory:
Application to G-Jitter on the Space Station

R. Savino¤ and M. Lappa†

University of Naples, “Federico II,” 80125 Naples, Italy

The numericalmodelingof the effects ofg-jitter (oscillatoryresidualacceleration disturbances)on � uid dynamics
experiments onboard the International Space Station is discussed. The aim is an assessment of the thermovibra-
tional theory, based on the time-averaging technique and the evaluation of the orders of magnitude of all of the
terms appearing in the complete equations, identifying the role and the importance of average and oscillatory
terms. The identi� cation of the most important terms in the momentum and in the energy equation is made by
an a posteriori order of magnitude analysis by means of the numerical solution of the unsteady full Navier–Stokes
equations. Different � ow regimes are identi� ed, and some apparent contradictions in the current literature on
the effects of g-jitter are clari� ed. The set of reduced equations and the associated range of validity is of great
potential interest for the scienti� c community to develop analytical and/or mixed numerical/analytical solutions
that can lead to a signi� cant reduction of the often prohibitive computational time required for the simulation of
the complex phenomena under investigation.

Nomenclature
b = displacement amplitude, m
c = mass concentration
f = frequency, 1/s
g! = maximum acceleration,m/s2

g0 = Earth gravity acceleration, 9.81 m/s2

L = size of the cell, m
n = unit vector in the acceleration direction
Pr = Prandtl number (º=®/
p = pressure, Pa
Rav = vibrational Rayleigh number
r = position vector, m
T = temperature, K
t = time, s
u = velocity component along x, m/s
V = velocity vector, m/s
v = velocity component along y, m/s
® = thermal diffusivity,m2/s
¯T = thermal expansion coef� cient, 1/K
1T = characteristic temperature difference imposed

across the cell, K
1T j = local amplitude of the temperature oscillation, K
1t = time step, s
±T = temperature disturbance,K
N"T = dimensionless measure of the overall time-average

disturbance
"0

T = dimensionless measure of the overall oscillatory
disturbance

3 = dimensionless displacement, b.¯T 1T =L/
º = kinematic viscosity, m2/s
½ = density, kg/m3

80
i = ratios between the oscillatory term i and the leading term

in the momentum (subscriptv) and energy (subscript T )
equations
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8i = ratios between the time averaged term i and the leading
term in the momentum (subscript v) and energy
(subscript T ) equations

Ä = dimensionless angular frequency, (!L2=®)
! = angular frequency, 1/s
r = nabla operator, 1/m
r2 = Laplace operator, 1/m2

Subscripts

c = cold side
d = diffusive conditions
h = hot side
j = grid point j of the mesh
max = maximum value
min = minimum value
0 = reference conditions

Introduction

E XPLOITATION of microgravityenvironmentsin physical sci-
ences (� uid science, material science) is motivated in most

cases by the establishmentof purely diffusive regimes, that is, pro-
cesses that take place in quiescent � uid media, that would prevail in
an ideal (0-g) environment.Typical experiments that would bene� t
from a quiescent or a quasi-quiescentcondition are crystal growth,
solidi� cation processes, experiments for the measurement of diffu-
sion or thermodiffusioncoef� cients, and many others. These exper-
iments are characterizedby heat and mass transferprocessesin � uid
phases in the presence of density gradients, caused by thermal gra-
dients (due to heat exchangeor to latent heat release during a phase
change) or by the concentration of gradients arising, for example,
from the rejection or the incorporation of solute at a solidi� cation
interface.

In the presence of accelerations (including steady and periodic
accelerationsof different amplitudes and frequencies), the velocity,
temperature, and concentration� elds can be determined by the dif-
ferential balance equations(for mass, momentum, energy,and mass
species). These accelerations typically induce convective motions
that may be important for � uid and material science microgravity
experimentation on the International Space Station (ISS), even if
the residual gravity is reduced by several orders of magnitude and
relatively small amplitude g-jitter is present (Fig. 1).

Oscillatory g-jitter includes all of the periodic time-dependent
accelerations that can be approximated by sinusoidal functions.
The most common sources of these accelerations are structural
vibrations, for example, at the fundamental natural frequencies,
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Fig. 1a Studycase: two-dimensionalcell, single � uidwith high Prandtl
numbers at periodic conditions.

Fig. 1b Typical � ow organization: streamlines and isotherms related
to the average � ow; Rav = 33,000 and Pr = 15.

equipmentoperations,and crew activity, for example, repetitiveex-
ercises that induce cyclic displacement of the position of the test
cell.

The behavior of � uid systems subject to sinusoidal accelera-
tions has been the subject of intensive research in the last decade.
Many theoretical and numerical studies have been dedicated to this
topic.1¡6

It has been shown by an extensivenumericalexperimentation7¡11

that, when soliciting the � uid cell by periodic accelerations,the dif-
fusivetemperaturedistributionTd .r; t/ and/or the concentrationdis-
tribution cd.r; t/ are distorted and the difference (suitably de� ned)
between the temperature (and/or concentration)distributionand the
diffusive (ideal) one can de� ne the g-jitter “disturbance.” (If this
disturbance exceeds some threshold values, one may say that the
microgravity environment of the platform is not “tolerable” by the
experiment.) In particular, a number of computations for different
studycases pointedout that the velocity � eld V, inducedby periodic
g is made up by an average value NV plus a periodic oscillation of
amplitudeV 0 .V D NV C V0/ at the g-jitter frequency f or at frequen-
cies multiple of f . As a result of the convective � eld, the scalar
quantities (temperature and/or species concentration) are also dis-
torted. These distortions are also made up by a steady addition an
oscillatory contribution.

Theoretical1;4;6;7 and numerical results3;10;12 availablein the liter-
ature pointed out that different situations may occur, depending on
the oscillation frequency.Numerical results by Savino and Monti12

show that, when frequency is increased, there is a � rst regime char-
acterizedby relativelylargeoscillatoryvelocityand oscillatorytem-
perature disturbances and relatively small time-average steady dis-
turbances.At high frequencies,the oscillatory thermal disturbances
are very small with respect to the steady ones induced by the time-
averagepart of the velocity � eld (Fig. 2a, to be discussedlater).This
behavior suggested that introduce strong simpli� cations be intro-
duced in the analysis of the disturbancescomputation. In particular,
according to the Gershuni et al. formulation13 the time-averaged
distortionscan be simply computed, that is, with much less compu-
tation time, by a simpli� ed set of equations in terms of quantities
averaged over the oscillation period.

The present work is intended to extend the averaging technique
(initially introduced by the thermovibrational theory) that is valid
only at the extreme values of small amplitudes of the periodic dis-

Fig. 2a Nondimensional temperature at x = 0.25, y = 0.5 (­ = !L2 /®).

Fig. 2b Disturbances vs ­ , where ­ = !L2/®.

placementsand high frequencies.The extensionis obtainedby eval-
uating the order of magnitude of all of the terms appearing in the
completeequationsand by identifyingthe roleand the importanceof
the average and the periodic terms. Even though the results strictly
refer to the speci� c study case (two-dimensional cell, single � uid
with high Prandtl numbers at periodic conditions;Fig. 1), a number
of conclusions can apply to more general cases, as will be seen in
the following sections of the paper.

The identi� cation of the most important terms in the momentum
and in the energy equation will be made with the help of the nu-
merical solution of the unsteady full Navier–Stokes equations and
will help in identifyinga simpli� ed set of equations (by dropping a
number of terms of smaller orders of magnitude) and their range of
validity.The proposed methodology is a sort of a posterioriorder of
magnitude analysis (OMA) that refers to both the full and average
Navier–Stokes and energy equations,of all of the terms of the equa-
tions. Each variable .T , V, p) has been decomposed in the average
and oscillatory contribution. The splitting of the variables allows
a very detailed OMA that is able to explain the numerical results
obtained by different authors.

As mentioned, for the given experimental conditions there is a
strong dependence of both types of disturbances (average and pe-
riodic) on the g-jitter frequency. Amplitudes of the periodic tem-
peraturedisturbances tend quickly to decreasewith frequency;con-
versely,theaveragedisturbancesare lessdependenton the frequency
so that one expects the unsteady disturbances to “prevail” over the
steady ones at low frequencies (and vice versa).
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The aim of thepresentpaper is the separationof the steadyoscilla-
tions from the periodicoscillationsat the level of the Navier–Stokes
equations, to single out which terms are responsible for the gen-
eration of velocity and temperature distribution. In particular, we
want to 1) generalize the separation between oscillatory and time-
average difference between the complete solution and the purely
diffusive steady state process, Td ; 2) identify the leading terms in
the equations; and 3) evaluate the relative importance of each term
as function of the frequency.

The identi� cation of a set of reduced equations and associated
ranges of validity is of great potential importance for the scienti� c
community. A simpli� ed set of equations in fact can be used to ob-
tain analyticalor numerical solutionsof the problem. Generally, the
methods attempted by the different researchers to yield these sim-
pli� ed solutions fall into two categories: 1) some set of alternative
equations by mathematical transformation and manipulation of the
original set (e.g., Gershuni and Lyubimov14) and 2) asymptotic se-
ries expansions and analytical/numerical solutions.15 In both cases
the probabilityof success are largely improved by the simpli� cation
(by dropping some terms) of the initial set of nonlinear equations.
By these techniques, the solution algorithm can be accelerated up
to 100 times with respect to the case of the solution of the complete
Navier–Stokes equations.

The introductionof these techniques however is out of the scope
of the presentwork. Here the analysis is restricted to make available
simpli� ed a set of equations to the scienti� c community.

De� nition of Disturbances
Let us considerdisturbancesinducedin a � uid cell by a sinusoidal

displacement

s.t/ D b sin !t n (1)

that induces an acceleration

g.t/ D g! sin !t (2)

where g! D b!2n. As in most cases in microgravity experimenta-
tion, we take the reference conditions to be those prevailing in an
ideal 0-g environment that, for most of the experiments, imply qui-
escent conditions.V D 0/ with mass and energy transportedonly by
diffusion. In the following, subscript d is used for the parameters
corresponding to the purely diffusive conditions, for example, the
temperature Td (x , y, z, t ). The thermaldisturbancesinducedby any
accelerationwill, therefore, be de� ned at each point (x , y, z) and at
any time t as

±T D T .x; y; z; t/ ¡ Td .x; y; z; t/ (3)

In the case of numerical integration at the grid point j of the mesh,

±T j .t/ D T j .t/ ¡ T jd .t/ (4)

The local temperature can be split into a time-averagedsteady con-
tribution plus an oscillating part (T j D NT j C T 0

j / so that the local
temperature disturbance is

±T j D T j ¡ T j d D . NT j ¡ T jd / C T 0
j (5)

where NT j is the nondimensionallocal temperatureaveragedover the
period 2¼=! and T 0

j is the oscillatorypart expressed in terms of the
local amplitude of the temperature oscillation (1T j /:

T 0
j D 1T j f j .!/ (6)

where f j .!/ is a periodic,zero time-averagefunction,(for example,
f j .!/ D sin.!t C ’ j /. In general NT j and 1T j are function of time
until periodic conditions are reached. We will refer to disturbances
prevailing in the periodic regime .t ! 1/ after an initial transient.

Two different overall thermal disturbanceparameters (over all of
the grid points N ) can be de� ned:

N"T D 1
N

NX

j D 1

­­­­
.T j ¡ T j d/

1T

­­­­ (7a)

"0
T D 1

N

NX

j D 1

­­­­
.1T j /

1T

­­­­ (7b)

where 1T is the characteristic temperature difference imposed
across the cell (Fig. 1a). The two disturbancesparameters are both
constant with time at periodic conditions.If both N"T and "0

T are ¿1,
one can assume that the purely diffusive regime is not disturbed by
the presence of the onboard acceleration g.t/.

One can rightly suspect that the two disturbance parameters may
play a different role in different processes, for example, crystal
growth, solidi� cation processes, sedimentation, and that no com-
parison can be made between the two types of disturbances; the
order of magnitude of N"T and "0

T for the negligibility of the thermal
disturbances may be different. This difference is a further reason
to evaluate separately the amplitude of the periodic disturbances
(in velocity and temperature) related to the angular velocity ! of
the forcing g-jitter and the steady disturbance (again in velocity
and temperature) that results from the streaming motion due to the
nonlinear convective terms in the equation.

The analysisthat followswill clarifya numberof apparentcontra-
dictions encountered in the literature on the estimate of the depen-
dence of the temperature (and/or concentration)disturbanceson the
g-jitter frequency. In fact, the results that the disturbances depend
on acceleration and frequency as g2

!=!2 (Monti and Savino9/ or as
g!=!2 (Monti et al.1/ are both correct, but refer to the two types of
disturbances:The � rst refers to N"T and the second to "0

T as shown in
Fig. 2b. The differentconclusionsof the two analysesdependon the
different a priori assumptions made in the momentum and energy
equations.

In Ref. 1, all of the nonlinearterms were neglectedfor high values
of the frequency.In the Gershunitreatment (as it will be shown later)
the nonlinear, nonzero time-average terms that are negligible in the
momentum and energy equationsare taken into account in the time-
averageequations to � nd the time-averagevelocity and temperature
distributions.

Reference Case
A two-dimensional test cell with square section of side L in the

planexy is � lled with a homogeneousNewtonian liquid (siliconeoil
with kinematicviscosityº D 1cS).All of theboundariesof thecavity
are solid walls (Fig. 1a). The walls at x D 0 and L are maintained at
constant temperatures Tc and Th D Tc C 1T ; the other boundaries
are adiabatic. A simple, periodic, sinusoidal acceleration is applied
[de� ned by Eqs. (1) and (2)], characterizedby the magnitudeg! and
the direction n perpendicular to the imposed temperature gradient.

For the chosencon� guration (1T D 60 K and cell size 5 £ 5 cm2)
and liquid with Prandtl number Pr D 15 (® D 6:6 £ 10¡4 cm2/s and
¯T D 1:3 £ 10¡3 1/K), the typical � ow organization is that shown
in Fig. 1b by the streamlines and the isotherms related to the av-
erage � ow. A periodic oscillating temperature and velocity � eld is
superimposedon the average � eld after a suf� cient time has elapsed
during which constant boundary conditions are maintained.

The relative importance of the temperature periodic oscillations
with respect to the steady disturbances ( NT ¡ Td / can be seen in
Fig. 2a, where the nondimensional temperature disturbances at a
typical � eld point are reported at different accelerationfrequencies.
The examples shown refer to three different frequencies propor-
tional to their amplitudes (g!=! D b! D const). Independent of the
magnitudeof the steadyand pulsatingdisturbances,Fig. 2a intend to
show that, for increasing frequencies (Ä D !L2=®/, the oscillating
part becomesmuch smaller than the steadypart, as will be discussed
in detail later.

Numerical Solution Technique
The � owis governedby thecontinuity,Navier–Stokes,andenergy

equations that in dimensional conservative form read

r ¢ V D 0 (8a)

@V
@t

D ¡ 1
½0

r p ¡ r ¢ [V V] C ºr2V ¡ b!2¯T sin.!t/.T ¡ T0/n

(8b)
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@T

@t
D ¡r ¢ [VT ] C ®r2T (8c)

where ½0 and T0 relate to referenceconditions,for example, temper-
ature of the cold wall, and ¯T is the (constant) thermal expansion
coef� cient ¯T D .1=½/.@½=@T /.

From now on, we use nondimensional quantities; we denote
nondimensionalT , V, and p by the same symbols used in Eqs. (8).
Equations (8), in nondimensional form, read

r ¢ V D 0 (9a)

@V
@t

D ¡r p ¡ r ¢ [V V] C Prr2V ¡ 3Ä2

Pr
sin.Ät/T n (9b)

@T

@ t
D ¡r ¢ [VT ] C r2T (9c)

The nondimensional form results from scaling the coordinates by
a characteristic length of the problem under investigation, L , and
the velocity components u and v by the energy diffusion velocity
V® D ®=L. The scales for the time and the pressureare, respectively,
L2=® and ½0.V® /2 D ½0®2=L2 . The temperature, measured with re-
spect to the reference temperature T0, for example, the cold wall
temperature, is scaled by 1T . The nondimensional frequency Ä
and displacement 3 are de� ned by

Ä D !L2=®; 3 D b.¯T 1T =L/ (10)

At the initial time, the liquid � lling the cell is supposed to be qui-
escent and at a temperature corresponding to the purely diffusive
situation:

t D 0 : V.x; y/ D 0; Td .x; y/ D x (11)

The boundary conditions on the heated walls are the no-slip condi-
tion and the temperature conditions.

On the cold wall:

V.x D 0; y; t/ D 0; T .x D 0; y; t/ D 0 (12a)

On the hot wall:

V.x D 1; y; t/ D 0; T .x D 1; y; t/ D 1 (12b)

Equations (9a–9c) subjected to the initial and boundary [Eqs. (11)
and (12)] conditionswere solved numerically in primitive variables
by a � nite difference method. The domain was discretized with
a uniform mesh, and the � ow� eld variables were de� ned over a
staggeredgrid. Forward differencesin time and central-differencing
schemes in space (second-orderaccurate)were used to discretizethe
partial differential equations, obtaining

Vn C 1 D Vn C 1t [¡r ¢ .V V/ C Prr2V

¡ .3Ä2=Pr/ sin.Ät/T n]n ¡ 1tr pn (13)

T n C 1 D T n C 1t [¡r ¢ .VT / C r2T ]n (14)

The computationof the velocity � eld at each time step has been split
into two substeps. In the � rst, an approximatevelocity � eld V¤ cor-
responding to the correct vorticity of the � eld, but with r ¢ V¤ 6D 0,
is computed at time (n C 1) neglecting the pressure gradient in the
momentum equation, that is,

V¤ D Vn C 1t [¡r ¢ .V V/ C Pr r2V ¡ .3Ä2=Pr/ sin.Ät/T n]n

(15)

In the second substep, the pressure � eld is computed by solving a
Poisson equation resulting from the divergence of the momentum
equation with the help of the continuity equation:

r2 pn D .1=1t/r ¢ V¤ (16)

Finally, the velocity � eld is updated using the computed pressure
� eld to account for continuity:

Vn C 1 D V¤ ¡ 1tr pn (17)

The Poisson equation is solved with a successive overrelaxation
iterative method. The temperature � eld at time .n C 1/ is obtained
from Eq. (14) after the calculation of the velocity.

Grid Re� nement Study and Code Validation
The numericalmodel has been validated by quantitativecompar-

isonswith availablenumericalresults. In particular,to check that the
code is able to capture correctly the effect of periodic acceleration
disturbanceson the thermo� uid-dynamic � eld, the results obtained
solving the complete set of nonlinear and time-dependent Navier–
Stokes equations(underlyingthe present numericalalgorithm)have
been compared with those obtained by Gershuni and Lyubimov14

using their modi� ed set of equations (valid at high frequenciesand
small amplitude of the disturbance residual acceleration).

A case lying in the range of applicability of the Gershuni and
Lyubimov14 formulation has been considered for comparison be-
cause 1) the simpli� ed set of averaged equations and associatednu-
merical results representa robust and reliable example for compari-
son and 2) the simulationof the effect of high frequenciesand small
amplitudeof the acceleration is expected to be the most weighty sit-
uation for a codedealingwith the numericalsolutionof thecomplete
equations; in this case, in fact, because of the intrinsic nature of the
phenomena (very small oscillation period and amplitude of the dis-
turbance), the numerical prediction of the physics is very delicate,
and the numerical algorithmhas to demonstratehigh sensitivityand
great accuracy.

The comparisonhas shown that the present results compose very
well with thoseof Gershuniand Lyubimov.14 (The simulationsagree
within 1%.) For the sake of brevity, the comparison is not shown
in detail. For further details see previous work,12 where the same
validation was carried out and was extensively described.

In this subsection,moreover, to show the numerical convergence
of the present algorithm a grid re� nement study is discussed. The
computationshave beenperformed for uniformgrids Nx £ Ny. (The
� rst number denotes the number of collocation points in the x di-
rection, and the second de� nes the grid size in the y direction.)

Grid convergence has been obtained for a resolution of 30 £ 30
points.However, a grid 40 £ 40 has been used for the simulationsto
achieveveryhighaccuracyof the solution.The simulationstypically
require about 48 h of computations on a Digital 433 workstation.
Note that the same results can be obtained solving the simpli� ed set
of averaged equations, in the case of high frequency g-jitter, in less
than 1 h on the same computer.

Averaging Technique and Extension of the Analysis
Until now, two methods for g-jitter analysis have been consid-

ered in literature: 1) numerical computation of the full nonlinear
and time-dependentNavier–Stokesequationswith a time-dependent
body force that gives rise to a time-dependent� ow and 2) numerical
solutions of the time-averaged � eld equations (Gershuni formula-
tion) for the thermovibrationalconvectionproblem, obtained under
the assumption of suf� ciently small amplitudes (3 ¿ 1) and suf� -
ciently large frequencies(Ä À 1) of the g-jitter. At these conditions
Gershuni and Lyubimov14 show that, for given Prandtl number, the
steady (streaming)convectiondependsonly on one relevant dimen-
sionless parameter, the vibrational Rayleigh number:

Rav D .b!¯T 1T L/2

2º®
D .¯T 1T L/2

2º®

³
g!

!

´2

D Ä232

2Pr
(18)

Let us rewrite the Eqs. (9) in terms of the average values NV and NT
plus periodic oscillations, (V0 and T 0: V D NV C V 0 and T D NT C T 0.
As a result of this assumption, Eqs. (9) can be written as
r ¢ NV C r ¢ V 0 D 0 (19a)

@ NV
@t

C @V0

@t
C .r Np C r p0/ C r ¢ [V V] C r ¢ [ NVV 0] C r ¢ [V 0 NV]

C r ¢ [V 0V 0] D Pr.r2 NV C r2V 0/ ¡ 3Ä2

Pr
sin.Ät/ NT n

¡
3Ä2

Pr
T 0 sin.Ät/n (19b)

@ NT
@t

C @T 0

@t
C r ¢ [ NV NT ] C r ¢ [ NVT 0] C r ¢ [V 0 NT ] C r ¢ [V 0T 0]

D r2 NT C r2T 0 (19c)
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If the values of V.t/ and T .t/ are known at a given � eld point, the
average values for V and T can be computed by

NV D !

2¼

Z 2¼=!

0

V dt; NT D !

2¼

Z 2¼=!

0

T dt (20)

The time-dependent parts V 0 and T 0 at each instant of time can,
therefore, be de� ned as

V0 D V ¡ NV; T 0 D T ¡ NT (21)

Let us assume that periodic conditions are reached:

@ NV
@t

D 0;
@ NT
@t

D 0 (22)

At these conditions, in terms of the following quantities

FV 1 D @V0

@t
; FV 2 D r Np; FV 3 D r p0

FV 4 D r ¢ [ NV NV]; FV 5 D r ¢ [ NVV 0]; FV 6 D r ¢ [V0 NV]

FV 7 D r ¢ [V 0V0]; FV 8 D ¡Prr2 NV; FV 9 D ¡Prr2V 0

FV 10 D 3Ä2

Pr
sin.Ät/ NT n; FV 11 D 3Ä2

Pr
T 0 sin.Ät/n

(23a)

FT 1 D @T 0

@t
; FT 2 D r ¢ [ NV NT ]; FT 3 D r ¢ [ NVT 0]

FT 4 D r ¢ [V 0 NT ]; FT 5 D r ¢ [V 0T 0]; FT 6 D ¡r2T

FT 7 D ¡r2T 0 (23b)

Eqs. (19b) and (19c) read

11X

i D 1

FV i D 0 (24a)

7X

i D 1

FT i D 0 (24b)

In the preceding equations, the generic term Fi present in Eqs. (19)
can be considered the sum of an average value NFi .x; y/ plus a peri-
odic oscillation F 0

i .x; y/:

NFi .x; y/ D !

2¼

Z 2¼=!

0

Fi .x; y/ dt; F 0
i D Fi ¡ NFi (25)

By de� nition, F 0
i D 0 so that for i D 1, 3, 5, 6, 9, and 10

Fvi D 0 (26a)

for i D 1, 3, 4, and 7

FT i D 0

for i D 2, 4, and 8

F0
vi D 0 (26b)

and for i D 2 and 6

F 0
T i D 0

Only thenonlinearperiodicoscillatingterms, appearingin Eqs. (24),
that contain the product of oscillating quantities Fv7 , Fv11, and FT 5

have nonzero values of the time average

FV 7 D NFV 7 C F0
V 7; FV 11 D NFV 11 C F0

V 11

FT 5 D NFT 5 C F 0
T 5 (26c)

When averaging Eqs. (24a) and (24b), one gets

11X

i D 1

FV i D 0 (27a)

7X

i D 1

FT i D 0 (27b)

then taking into accountEqs. (26a) and (26b), the set for the average
balance equations reads

r ¢ NV D 0 (28a)

.r Np/ C r ¢ [ NV NV] C r ¢ [V 0V 0]

D Pr.r2 NV/ ¡ 3Ä2=PrT 0 sin.Ät/n (28b)

r ¢ [ NV NT ] C r ¢ [V 0T 0]C D r2 NT (28c)

Before going into details of the analysis, note the novelty and the
merits of our proposed analysis. The fact that Eqs. (19) show terms
containingaverageand/or oscillatingvariablesallows us to perform
a more detailed and accurate OMA. Let us take, for example, the
energy equation (19c). A classical approach for the OMA is to es-
timate (without solving the equations) the order of magnitude of V,
T , and the length scales from which the order of magnitudeof each
term in the equation can be evaluated.

If we carry on the OMA before separatingthe averageand the os-
cillating terms, then we are forced either to keep or to neglect terms
treatingboth the oscillatoryand the time-averagecomponents in the
same way. On theotherhand,onceone identi� es all of the terms,one
must � nd a way to estimate both the amplitudeof the oscillationand
the average values of each variable and then to perform a selective
analysis that leads to the identi� cation of negligible terms. What is
done in this paper is a sort of inverseOMA insofar as we have com-
puted the weight of each term after solving the full set of equations.
In this way, one gets a clear picture of the possibilityof neglectinga
number of terms instead of others (at different conditions)that very
often lead to wrong conclusions, as will be discussed later.

The main goal of the present work is, therefore, to � nd the con-
ditions at which some of the terms in Eqs. (19) and (28) can be
neglected. Thus, one must, � rst, de� ne a procedure for the eval-
uation, from the numerical solution, of the order of magnitude of
each term of the equations at each � eld point and, then, to aver-
age properly over the entire � ow� eld. The terms Fvi , F 0

vi , FT i , and
F 0

T i are computed through the correct solution of the full Navier–
Stokes equations by evaluating each term at each grid point during
the period 2¼=!. As mentioned before, the analysis is made once
periodic conditions are established. The order of magnitude of the
zero-average terms is evaluated by computing the maximum Fi max

and the minimum Fi min during the period 2¼=!:

rFi .x; y/ D [Fi .x; y/]max ¡ [Fi .x; y/]min (29)

that represents the amplitude of the oscillatory part of the distur-
bance F 0

i D 1Fi fi .t/=2, where fi .t/ is a periodic,zero time-average
function, for example, fi .t/ D sin.!t C ’i /.

The numerical computation is performed over the N grid points,
j D 1, N , and overall quantities are de� ned as

.Fi /ov D 1
N

NX

j D 1

j.Fi / j j (30)

in particular for the average and oscillatory terms,

. NFi /ov D 1
N

NX

j D 1

j. NFi / j j (31a)

.1Fi /ov D 1
N

NX

j D 1

j.1Fi / j j (31b)
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Numerical Analysis of the ISS Microgravity
Environment

We want to � nd different regimes and different simpli� ed set of
equations in the range of 3 and Ä (or vibrational Rayleigh number
Rav/ of practical interest for typical potential experimentationto be
carried out on the ISS. The ISS is characterized by a complex mi-
crogravity environmentwith quasi-steady (residual) g (of the order
of magnitudeof microgravity)and a g-jitter spectrum g. f / (Fig. 3).
Themovibrational theory shows that, at high frequency (and small
displacements (Ä À 1 and 3 ¿ 1), the steady-state disturbances
increase with the vibrationalRayleigh number. Straight lines corre-
sponding to three values of vibrationalRayleigh number Rav are in
Fig. 3 that cover the range of g. f / to be expected on the ISS and
that are above and parallel to the so-called ISS requirement curve
(Rav

»D 3:3 £ 10¡2/. Moving along the lines Rav D const at increas-
ing frequency, one encounters different regimes corresponding to
equations with different important terms. The parametric analysis
was performed for 10 · Ä · 105 and 10¡7 · g!=g0 · 10¡2 , which
correspond to 3:3 · Rav · 3:3 £ 104 .

At large Ä, when the steady disturbances prevail over the oscil-
lating ones (Fig. 2), one would expect that, according to the ther-
movibrational theory, the disturbancesstay constant along the lines

a)

b)

Fig. 3 Comparison between predicted accelerations, ISS requirement
curve, and lines of constant ¤, ­ , and vibrationalRayleigh number Rav
in the a) acceleration frequency plane and b) ¤–­ plane: ­ = !L2 /®,
¤ = b(¯T¢T/L), Rav = (b!¯T¢TL)2/2º®.

Rav D const. A lower limit of Ä for the validity of the thermovibra-
tional theory (which has been shown to be correct for Ä À 1/ and
the identi� cation (in terms of Ä/ of different regimes for which a
simpli� ed set of balance equationsapply can be made by comparing
the importance of the terms of the equations.

The numerical analysis has been made by solving the complete
unsteady Navier–Stokes equations and by computing, a posteriori,
each term of the momentum and energy equationsfor the amplitude
of the periodicpart and for the averagedones.All of these termshave
been plotted vs Ä in Figs. 4 and 5 for two values of Rav , 3:3 £ 102

and 3:3 £ 104, which correspondto maximum values to be expected
on the ISS.

Comparison of the order of magnitude of each term of the equa-
tions is made by plotting the quantities 80

i and 8i de� ned by the

a)

b)

Fig. 4 Comparison between the order of magnitude of the different
terms involved in the momentum equation in the case Rav = a) 330 and
b) 33,000: ­ = !L2/®, ¤ = b(¯T¢T/L), and Rav = ­ 2¤2 /2Pr.
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a)

b)

Fig. 5 Comparison between the order of magnitude of the different
terms involved in the energy equation in the case Rav = a) 330 and
b) 33,000: ­ = !L2 /®, ¤ = b(¯T¢T/L), and Rav = ­ 2¤2/2Pr.

ratios between each term i and the leading term in the momentum
(subscript v) and energy (subscript T ) equations. In particular,

8vi D .Fvi /ov =.1Fv10/ov ; 80
vi D .1Fvi /ov=.1Fv10/ov (32a)

8T i D .FT i /ov=.1FT 4/ov ; 80
T i D .1FT i /ov=.1FT 4/ov (32b)

where .1Fv10/ov is the driving term g!¯T . NT ¡ T0/ and .1FT 4/ov

corresponds to the convective energy transport r ¢ [V0 NT ].
Analysis of Figs. 4 and 5 shows that the overall relative impor-

tance of each term depends on Ä and to a less extent on vibrational
Rayleigh number Rav . For instance, at very high values of Ä only
three terms in the momentum equation, 80

v1, 80
v3 , and 80

v10 , and
two terms in the energy equation, 80

T 1 and 80
T 2 (thermovibrational

theory), prevail (regime 1).
The terms appearingin the averagedmomentumand energyequa-

tions are shown in Figs. 6 and 7. As a result of the comparison

a)

b)

Fig. 6 Comparison between the order of magnitude of the different
terms involved in the averaged momentum equation in the case Rav =
a) 330 and b) 33,000:­ = !L2/®, ¤ = b(¯T¢T/L), and Rav = ­ 2¤2/2Pr.

of the different terms, different regimes have been identi� ed. In
the Appendix the sets of equations for the different regimes for
the full and averaged momentum and energy equations are indi-
cated. Separation of the terms into those containing steady and
oscillatory contributions shows that in the entire range of Ä and
3 (or Ä and vibrational Rayleigh number Rav/ the leading terms
in the complete momentum equation is the driving action F0

v10 D
.3Ä2=Pr / NT sin Ätn, which is almost balancedby the pressureterm
F0

v3 D r p0. At relatively low frequency, the other term to be taken
into account is F0

v9 D ¡Prr2V0, which at Ä > 104 can be neglected
with respect to the term F0

v1 D @V 0=@t . In the energy transport equa-
tion, the two leading terms are F 0

T 1 D @T 0=@t and F 0
T 4 D r ¢ .V 0T /.

Unless at very low frequency (Ä < 102/, a third term must also be
taken into account, F 0

T 7 D ¡r2T 0. Therefore, the full and averaged
equations can be summarized as follows.
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a)

b)

Fig. 7 Comparison between the order of magnitude of the different
terms involved in the averaged energy equation in the case Rav = a) 330
and b) 33,000: ­ = !L2 /®, ¤ = b(¯T¢T/L), and Rav = ­ 2¤2/2Pr.

Full equations:

3Ä2

Pr
sin.Ät/ NT n C r p0

(D ¡Prr2V0 for Ä < 103

D @V 0

@t
for Ä > 103 (33a)

@T 0

@t
C r ¢ [V 0 NT ]

»
D r2T 0 for Ä < 102

D 0 for Ä > 103 (33b)

Averaged equations:

3Ä2

Pr
sin.Ät/T 0n C r Np ¡ Prr2 NV

»
D 0 for Ä < 102

D r ¢ .V 0V 0/ for Ä > 102

(34a)

r2 NT
»

D r ¢ [ NV NT ] for Ä > 103

D r ¢ [V 0T 0] for Ä < 103 (34b)

The simplest regime is that corresponding to Ä À 1 and 3 ¿ 1
(thermovibrational theory) for which approximate relations can be
found for V 0 and T 0 as functions of the steady values ( NV, NT / and
substituted in the averaged momentum equation, where the driving
term and the term r ¢ .V 0V 0/ (which has the same meaning of the
turbulence Reynolds stresses) are put together, due to the same de-
pendence on 3 and Ä. [See terms .8v11/ and .8v7/ in Fig. 6 for
Ä > 103:] Intermediate regimes with simpli� ed equations (full and
averaged) are indicated in Figs. 3 and in the Appendix.

OMA can be performed in the limiting cases of very low (quasi
steady) or very high frequency. In this last case, the analysis yields
orders of magnitudes of the disturbances,for example, thermal dis-
turbances, which depend on the assumptions made on the negligi-
bility of some terms in the momentum and energy equations (in
particular, the nonlinear terms related to the forcing action and to
the convective terms in the two equations). If all of these terms are
ignored, the disturbancein the system consists of V 0 and T 0 without
average disturbances. When the conditions are such that the non-
linear terms in the momentum equation are accounted for, that is,
the thermovibrationalconditionsÄ À 1 and 3 ¿ 1 prevail, then the
viscous term can be neglected, and the main effect of the driving
term (with nonzero time average) is to generate a streaming or a
steady average velocity � eld that is overimposed to an oscillating
velocity � eld.

Even though all of the average terms appearing in the complete
equationsare of smaller orderof magnitudeand may appearnegligi-
ble with respect to the periodicoscillating terms, one must consider
that the streaming steadyconvectiveenergy transport alters the tem-
perature diffusive distribution more than the oscillating (zero time
average) convection.

Indeed, it has been shown12 that at differentconditionsvery small
steady residual-g (of the orderof few micro-g) generatedisturbance
effects much larger than the high amplitude g-jitter (because their
effects somehow average out over the forcing period).

Evaluation of Thermal Disturbances
The two nondimensional disturbances (N"T and "0

T / introduced
earlierhavebeenevaluatedfor two valuesof thevibrationalRayleigh
numbers (330 and 33,330). After reaching the periodic conditions
(@ NV=@t D 0 and @ NT =@t D 0/ time averages of V ( NV/ and T ( NT / are
computed by means of the de� nitions (20).

The valueof thedifferencewith thediffusivesolutionand the tem-
perature oscillation amplitudes are computed at each grid point j
by the evaluation, in a period, of the average NT and the difference
between the maximum and the minimum. In terms of the non-
dimensional quantities and of the boundary conditions, Td j D x j ,
the temperature disturbances at each grid point j read

T j ¡ Td j D T j ¡ x j (35)

1T j D [.T j /max ¡ .T j /min]=2 (36)

from which the two disturbance factors are de� ned (Figs. 2):

"T D 1
N

NX

j D 1

.T j ¡ x j /
2; "0

T D 1
N

NX

j D 1

1T j (37)

Examination of Fig. 2b shows one of the main results of this
study: As the curve Rav D .32Ä2//(2Pr) D const, is followed, that
is, moved along what is assumed today to be the ISS requirement,
or the tolerable values of the amplitude of the acceleration vs the
acceleration frequency, the value of N"T tends to level out above, for
example, Ä D 103 (which for the considered reference case, corre-
sponds to about 4 £ 10¡3 Hz; Fig. 3). The oscillating disturbance
"0

T rapidly decreases with increasingÄ, for instance, at a frequency
f D 4 £ 10¡2 Hz (Ä D 104/ the value of "0

T is almost two orders
of magnitude lower. [At f D 4 Hz (Ä D 106/ "0

T is � ve orders of
magnitude lower.] Figure 2b refers to the case Rav D 33,000. Simi-
lar plots are obtained at different vibrational Rayleigh number Rav
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with values of the maximum disturbancessomehow proportionalto
vibrational Rayleigh number Rav .

The way the plots of N"T and "0
T are constructed(averagingover the

period2¼=! and over the whole � ow� eld) suggeststhat thesevalues
can only give an order of magnitude of the overall disturbance; one
cannot exclude the possibility that there might be some spots with
disturbances higher than the computed "T and other points of the
� eld where these disturbancesare smaller, if not zero, for example,
at the walls held at constant temperatures.The averagingin time and
space, however, is likely to yield overall orders of magnitude that
are less dependent on the speci� c geometry and on the boundary
conditions.

A completely different issue is the evaluation of the disturbance
effectondifferentmicrogravityprocessesof N"T and"0

T . Indeed,these
two factorsare not comparable,for instance, even when "0

T ¿ N"T for
experiments that exhibit a high sensitivity to unsteady conditions,
one may not be in a position to neglect the � rst type of disturbance
with respect to the second one .

The most criticalconditionscouldoccur at intermediateÄ, where
both N"T and "0

T are of the same order (albeit less than their maxima).
If one follows the ISS requirement curve (g! D 1¹g for Ä < 103

and g! / Ä for Ä > 103/, one should expect that indeed in the low-
frequencypart (Rav / Ä¡2/ the value of "0

T
»D const (with negligible

N"T /, and in the high-frequency part (Rav
»D const), then N"T

»D const
(with negligible "0

T /.
Figures 3a and 3b seem to show that the limit transition between

g D const to g »D ! for ISS speci� cationshouldbe placedat Ä »D 103.
Previous works on the tolerabilitylimits (which in the presentwork
correspond to limit values of "0

T and N"T / apparently show some
discrepancies that can be explained on the basis of the preceding
analysis.

In Ref. 1 the assumption of the negligibilityof the nonlinearcon-
vective terms with respect to the diffusive terms in both the momen-
tum and energy equations at the high frequencies correctly led to
oscillatory disturbanceamplitudes in temperature, "0

T , proportional
to g=!2 but couldnot predict steady temperaturedisturbances.Sim-
ilarlyNaumann15 neglectedthe nonlinearconvectiveterm NFV 7 in the
study of the � ow in an in� nitely long two-dimensionalcavity � lled
with a � uid subjected to an initial linear temperature distribution.

The present analysis shows that this assumption is not justi� ed
in the entire range of frequency and amplitude. [For Ä > 103 and
3 < 0:1, the term NFV 7 in the average momentum equation is of
the same order of magnitude of the leading terms (Fig. 6)]. As a
result of the assumptions made, Naumann15 found a concentration
(or thermal) average disturbance N"C (or N"T / proportional to g2=Ä4,
whereas the presentanalysisshows that N"T is proportionalto g2=Ä2,
althoughNaumann refers to study cases with differentaspect ratios.

Conclusions
The differenceand the meaningof the two disturbanceparameters

N" and "0 with respectto the diffusivedistributionsof scalarquantities
(energyand species) have been clari� ed. The relative importanceof
the two contributionsdependsin a differentmanneron the frequency
of the acceleration and (to a less extent) its amplitude. Previous
results available in literature, which seemed to be contradictory,are
explained by recognizing that some of them refer to "0 and others
to N". It is shown that, at low frequencies, the main contributions
are given by "0 (which for Ä ¿ 1 refers to quasi-steady regimes);
at relatively high frequencies (Ä À 1), N" À " 0 as predicted by the
thermovibrationaltheory. The possibility of evaluating the order of
magnitude and the trends of N" and "0 at high Ä has been con� rmed
for the study case. In the intermediatefrequencyregimes (Ä »D 103/,
both N" and "0 have same order of magnitude.

In theseregimes,onemay neglectdifferentterms in the equations;
the analysis made suggests different sets of equations obtained by
the omission of some terms; the terms that could be omitted have
been identi� ed bya detailedanalysismadeby separatingthe average
from the oscillating part. The risk of omitting nonnegligible terms
may lead to wrong conclusions.

The set of simpli� ed equations, in the related ranges of valid-
ity, can be used to develop analytical and/or mixed numerical/
analytical methods that can signi� cantly speed up the simulation

of the phenomena under investigation, with respect to the solution
of the complete Navier–Stokes equations.

Appendix: Equations of the Different Regimes
The numerical simulation performed for Ä > 10,000 (regime 1)

and Rav D 105=3 shows that the simpli� ed set of equation corre-
sponds to the Gershuni and Lyubimov14 equations. ( N8V 4 and N8T 5

are negligible in the momentum and in the energy-averagedequa-
tions, respectively. In the complete equations only the terms 80

V 1,
80

V 3, 80
V 10, 80

T 1, and 80
T 4, are relevant.

Regime 1
The complete equations are

@V0

@ t
C

1

½0
r p0 D b!2¯T . NT ¡ T0/ sin.!t/n (A1a)

@T 0

@ t
C r ¢ [V 0 NT ] D 0 (A1b)

The averaged equations are

1

½0
r Np C r ¢ [V 0V 0] D ºr2 NV C b!2¯T T 0 sin.!t/n (A1c)

r ¢ [ NV NT ] D ®r2 NT (A1d)

For 1000< Ä < 10,000(regime2a)other terms appear in the instan-
taneoustime-dependent� ow quantitieswith respect to the Gershuni
and Lyubimov14 formulation; the terms 80

V 9, 80
T 5 , and 80

T 7 are
no longer negligible in the momentum and energy equations, re-
spectively.Moreover, the term N8T 5 appears in the averaged-energy
equation.

Regime 2a
The complete equations are

@V 0

@t
C 1

½0
r p0 D b!2¯T . NT ¡ T0/ sin.!t/n C ºr2V 0 (A2a)

@T 0

@t
C r ¢ [V0 NT ] C r ¢ [V 0T 0] D ®r2T 0 (A2b)

The averaged equations are

.1=½0/r Np C r ¢ [V 0V 0] D ºr2 NV C b!2¯T T 0 sin.!t/n (A2c)

r ¢ [ NV NT ] C r ¢ [V 0T 0] D ®r2 NT (A2d)

For 100 < Ä < 1000 (regime 3a), with respect to regime 2a, the
terms 80

V 1 and N8T 2 become negligible, whereas the term 80
V 11

appears.

Regime 3a
The complete equations are

1

½0

r p0 D b!2¯T . NT ¡ T0/ sin.!t/n

C b!2¯T T 0 sin.!t/n C ºr2V 0 (A3a)

@T 0

@t
C r ¢ [V 0 NT ] C r ¢ [V 0T 0] D ®r2T 0 (A3b)

The averaged equations are

.1=½0/r Np C r ¢ [V0V 0] D ºr2 NV C b!2¯T T 0 sin.!t/n (A3c)

r ¢ [V0T 0] D ®r2 NT (A3d)

For 10 < Ä < 100 (regime 4a) , with respect to regime 3a, the terms
80

T 1 , 80
T 5 , and N8V 7 become negligible.
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Regime 4a
The complete equations are

.1=½0/r p0 D b!2¯T . NT ¡ T0/ sin.!t/n

C b!2¯T T 0 sin.!t/n C ºr2V 0 (A4a)

r ¢ [V0 NT ] D ®r2T 0 (A4b)

The averaged equations are

.1=½0/r Np D ºr2 NV C b!2¯T T 0 sin.!t/n (A4c)

r ¢ [V 0T 0] D ®r2 NT (A4d)

Hereafter the regimes correspondingto Rav D 103=3 are denoted as
the b regimes: For Ä > 10,000 (regime 1b), the simpli� ed set of
equation correspondsto the Gershuni equations as for Rav D 105=3.
For 1000< Ä < 10,000 (regime 2b), with respect to the regime 2a,
the term 80

T 5 becomes negligible.

Regime 2b
The complete equations are

@V 0

@t
C

1

½0
r p0 D b!2¯T . NT ¡ T0/ sin.!t/n C ºr2V 0 (A5a)

@T 0

@t
C r ¢ [V 0 NT ] D ®r2T 0 (A5b)

The averaged equations are

.1=½0/r Np C r ¢ [V0V 0] D ºr2 NV C b!2¯T T 0 sin.!t/n (A5c)

r ¢ [ NV NT ] C r ¢ [V 0T 0] D ®r2 NT (A5d)

For 100 < Ä < 1000 (regime3b), with respect to regime 3a, the term
80

V 11 disappears.

Regime 3b
The complete equations are

1

½0
r p0 D b!2¯T . NT ¡ T0/ sin.!t/n C ºr2V 0 (A6a)

@T 0

@t
C r ¢ [V 0 NT ] C r ¢ [V 0T 0] D ®r2T 0 (A6b)

The averaged equations are

.1=½0/r Np C r ¢ [V 0V 0] D ºr2 NV C b!2¯T T 0 sin.!t/n (A6c)

r ¢ [V 0T 0] D ®r2 NT (A6d)

For 10 < Ä < 100 (regime 4b), with respect to regime 4a, the term
80

V 11 disappears.

Regime 4b
The complete equations are

.1=½0/r p0 D b!2¯T . NT ¡ T0/ sin.!t/n C ºr2V0 (A7a)

r ¢ [V0 NT ] D ®r2T 0 (A7b)

The averaged equations are

.1=½0/r Np C ºr2 NV C b!2¯T T 0 sin.!t/n (A7c)

r ¢ [V0T 0] D ®r2 NT (A7d)
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